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Abstract

This paper unifies the mathematical theory of matrix transformations in sequence spaces with their
practical applications in digital signal processing. Beginning with the formal treatment of bounded linear
operators on classical sequence spaces such as [Pand [?, it establishes the equivalence of boundedness,
continuity, and convergence preservation—core to stability and robustness in signal transformations. The
study demonstrates how discrete-time signals, modeled as elements of [?, can be manipulated through
structured matrix operators such as the Discrete Fourier Transform (DFT), Discrete Wavelet Transform
(DWT), and convolution matrices representing linear time-invariant filters. Each transformation is
analyzed through the lens of operator theory, highlighting norm preservation, stability under perturbation,
and reconstruction accuracy. Applications include frequency analysis, filtering, compression, and
denoising—showing how functional analysis ensures rigorous control over energy, error propagation,
and convergence in practical algorithms. The paper concludes by emphasizing that the stability and
boundedness properties of matrix transformations form the mathematical backbone of modern signal
processing techniques.
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1. Introduction

Signal processing is one of the most practical- and influential — fields where the theory of matrix
transformations on sequence spaces finds direct real-world application. Discrete-time signals can be
naturally represented as sequences x = (x,) € £?(finite energy assumption) or other sequence spaces,
and applying matrix transformations allows modulation of their structure, domain, and representation.
Transforms such as the Discrete Fourier Transform (DFT), Wavelet Transform and filtering via
convolution matrices are matrix-based operations on sequences. These operations enable tasks such as
noise reduction, signal filtering, reconstruction, compression, and feature extraction. This chapter
explores how the theoretical framework of matrix transformations in sequence spaces (from previous
chapters) is applied to signal processing problems — showing how convergence, boundedness, stability,
continuity all play a role in practical algorithms.

2. Fundamentals of Signal Processing and Sequence Spaces

In discrete-time signal processing, signals are naturally modelled as sequences and are most usefully
embedded in the framework of sequence spaces. A commonly used space is
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which is the space of square-summable (finite-energy) sequences. Viewing signals as elements of
£2allows us to apply the tools of functional analysis — such as norms, inner products, linear operators,
convergence, stability — directly to signal processing [1].

Signal representation in sequence spaces

When a signal x = (x,,) € £2, one can define its energy by

[0e]

I x 2= Z | x, 2.

n=0

This corresponds to the physical notion of energy in many applications. Importantly, £2is a Hilbert space
(complete inner-product space), so tools such as orthogonal expansions, Parseval’s theorem, projections,
and basis decompositions are valid [2].

By modelling discrete-time signals in 2, we can treat them as vectors in a vector space (or Hilbert space)
and apply matrix transformations (i.e., bounded linear operators) on them:

y =Ax,
where Ais a matrix operator mapping from one sequence space (e.g., £2) to another (possibly the same).
From the viewpoint of Chapters 2-3, such Amust satisfy boundedness, continuity, and preserve
convergence to be stable in signal-processing settings.

Domains of transformation: Time, Frequency, Time-Frequency
Signal processing involves transformations between different “domains” of signal representation:
o Time domain: the natural representation of x(n)as a sequence in £2.

e Frequency domain: transformation via e.g. the Discrete Fourier Transform (DFT) or DTFT
moves the representation into coefficients X (k)which reflect spectral content.

o Time—frequency or multi-scale domain: transforms such as wavelets allow representation of
signals where both time and frequency localisation matter (important for non-stationary signals).

Matrix transformations facilitate these domain shifts: a transform matrix F, wavelet matrix W, or filter
matrix Hacts on x € £2to produce a sequence (or coefficient vector) in another space. Because the
underlying spaces are Banach (or Hilbert) spaces, verifying that these matrices are bounded linear
operators ensures that convergence of sequences, stability under perturbation (noise), and reconstruction
behaviour are well-controlled.

Core signal-processing tasks enabled by matrix transformations

The embedding of signals in sequence spaces and the use of matrix operators enables a number of
fundamental operations in signal processing:
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Frequency Analysis: By applying a transform matrix (e.g., DFT matrix) one maps the time-
domain sequence into a frequency-domain representation. The norm-preservation (unitarity) of
the transform ensures that energy is neither lost nor artificially amplified [3].

Time—Frequency Localisation: Multi-resolution (wavelet) transforms provide coefficients at
varying scales and time-locations, enabling more refined analysis of transient events or
non-stationary behaviour.

Signal Smoothing / Filtering: A filter can be represented as a convolution matrix (Toeplitz
structured) acting on a sequence. The boundedness and stability of this matrix operator guarantee
that small noise components in the input do not blow up in the output.

Compression & Denoising: Transforming the signal into a domain where many coefficients
become small or negligible (e.g., wavelet coefficients) allows one to truncate or threshold and
then reconstruct with minimal loss. In the sequence-space view, this corresponds to projecting
onto a subspace or applying a bounded operator followed by a sparsification and inverse transform

[4].

Theoretical implications in sequence spaces

From the mathematical viewpoint developed earlier:

Because signals live in #?(or other #P, cgyetc.), any matrix transformation must preserve
boundedness: || Ax lI< C |l x lIfor some C. This ensures continuity (hence stable behaviour
under perturbations).

Convergence results: If a sequence of signals x(™) — x(in £?), then under a continuous operator
A, we have Ax(™ — A x. In practice this means that if we approximate a signal or modify it
slightly (e.g., via noise), the processed output behaves smoothly [5].

By modelling signals as vectors in Banach/Hilbert spaces one can apply basis expansions, such
asx =Y (x, er)epwhere {ey }is an orthonormal basis. This is central to transforms like Fourier
series or wavelet decomposition.

Example: Sequences and basis representation

Let {6[n — k]}xezbe the standard discrete unit-impulse basis in 2. Any finite-energy discrete signal
x(n)may be written as

o)

x= Z x[k] 8- —k].

k=—o0

In transform domains, one uses other orthonormal bases (e.g., complex exponentials). The signal-space
viewpoint emphasises that regardless of the particular basis or transform, the framework of vector spaces,
norms, continuity, bounded operators ensures rigorous control of signal transformations.

Importance for Practical Algorithm Design

Why is this sequence-space viewpoint critical for practical signal-processing work?
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o Noise and perturbation control: Real signals are contaminated by noise, quantisation error, or
measurement error. By ensuring transforms are bounded operators, one controls error
amplification.

o Algorithm stability & convergence: Many signal-processing algorithms are iterative (e.g.,
filtering, reconstruction). Embedding them in sequence-space ensures that convergence of
iteration and stability of solution may be studied via operator norms.

e Basis choice and sparsity: Transforming a signal into a domain where it has a sparse
representation allows efficient compression or denoising. The choice of basis (and associated
matrix operator) is guided by functional-analysis: we want a transform where the signal lives
“close” to a low-dimensional subspace so that truncation yields minimal error.

o Consistency of representation: Whether one uses time-domain sequences, frequency-domain
coefficients or multi-scale wavelet coefficients, staying within a rigorous sequence-space
framework means one can reliably invert transformations (assuming bounded invertibility) and
ensure that the entire chain time — transform — modify — inverse time remains well-posed.

The foundational link between the abstract study of matrix transformations in sequence spaces (from
Chapters 2-3) and the concrete representation of discrete signals as vectors in 2. By doing so, it provides
the rigorous mathematical backbone for the signal-processing applications that follow — enabling us to
view transforms, filters, reconstructions as bounded linear operators on sequence spaces, and to analyse
their behaviour in terms of convergence, stability, and representation.

3. Discrete Fourier Transform (DFT) as a Matrix Transformation

The discrete Fourier transform (DFT) is a classic example of a matrix transformation acting on a finite-
length signal. Let a signal be represented by the vector [6]

x € CV,
with entries x,,, n = 0,1, ..., N — 1. The DFT maps xinto a frequency-domain vector

X e CV,
via the matrix multiplication
X = FN X,
where the DFT matrix Fyis defined by
(FN)k,n = w}l\;n, Wy = e—Zni/N' kn=01,..,N—1.

(Here we use zero-based indexing for clarity; equivalent forms use 1-based indexing.)

Key Properties
1. Linearity: The transform is a linear operator (matrix) on CV.

2. Unitarity (with normalization): If one uses the normalized form

1
U=— Fy,
N
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then

U * U =] N»
making Ua unitary operator.

As aresult,

X 2= x
meaning energy (norm) is preserved.

3. Imvertibility: The inverse transform is given by [80]

1
x=Fy' X =<Fi X,
when using the unnormalized form.

4. Frequency interpretation: The entries Xy provide the coefficients of the signal in the discrete
frequency domain. Each X, measures the degree to which the input sequence correlates with the
complex exponential of frequency k.

5. Convolution theorem: A major practical consequence is that convolution in the time domain
corresponds to point-wise multiplication in the frequency domain. That is, if

Yy =X * h,
then

Y=H-X,
where X, Y, Hare the DFTs of x, y, h.

Implications in the Sequence-Space Framework

From the viewpoint of sequence-spaces (in earlier chapters) this DFT matrix acts as a bounded linear
operator:

e Suppose we embed CNinto a sequence space conceptually (or consider infinite-length
approximations). The normalized DFT matrix Usatisfies the operator norm || U [|I= 1, so it is
bounded and continuous [7].

« Since Uis unitary, it preserves convergence: if x™) — xin the input space, then U x™ — U xin
the transformed space.

o Stability follows: small changes in xproduce equally small changes in X = U x. That is critical
for signal-processing scenarios involving noise or perturbations.

Consequently, the DFT embodies all the desirable operator-theoretic features previously discussed:
boundedness, continuity, norm-preservation, invertibility—all ensuring reliable transformation of
sequences (signals).

Applications
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e Frequency filtering: By transforming xto X, one can suppress or enhance particular frequency-
bins (e.g., zeroing high-frequency X, for low-pass filtering), and then invert to reconstruct a
filtered signal [8].

o Compression via truncation: In many signals much of the information is concentrated in a subset
of frequency-bins. One can keep only the largest coefficients, zero the rest, and invert for a
compressed approximate reconstruction.

« Spectral energy distribution: By examining | X, |%, one obtains the energy distribution of the
signal across frequencies. This is essential in many analysis tasks (speech, music, biomedical
signals, etc.).

o Efficient computation: Although the DFT matrix Fyis of full size N X N, fast algorithms (FFT)
exploit its structure to compute X = Fy xin O(Nlog N)time rather than O(N?).

Example
Let N = 8. Suppose

x = (Xo, X1, X2, X3, X4, Xs5, X, X7)
represents one cycle of a discrete signal. The DFT computes [83]

7

Xe = Z x, e 2Tk | =0, ...,7.
n=0

If we detect from | X, |that the major energy lies in k = land k = 7, this implies the signal is primarily
a low-frequency sinusoid. One may then suppress the sums for other k, set them to zero, invert the
transform to obtain a smoothed version of the signal. Because the operator is norm-preserving, the
suppression does not introduce uncontrolled amplification of error or noise. While the DFT matrix is
finite-dimensional, its theoretical foundation generalizes to the infinite-sequence domain via the Fourier
operator on £2. One may consider the limit as N — ooand regard the DFT matrix as a truncated
approximation of a unitary operator on £2. In that setting, the key operator-theoretic insights
(boundedness, continuity, convergence preservation) hold in the sequence-space framework, allowing
one to reason rigorously about signal transformations even in the infinite-length setting.

4. Wavelet Transform and Multi-Resolution Analysis
4.1 Introduction

While the Discrete Fourier Transform (DFT) offers a powerful tool for analyzing signals in the frequency
domain, it inherently lacks time localization — all frequency components are analyzed globally over the
entire signal. Real-world signals, however, are often non-stationary, meaning their frequency content
varies over time. Examples include speech, seismic data, and biomedical signals such as ECG, where
transient features are of paramount importance. To overcome this limitation, the wavelet transform
introduces the concept of time—frequency localization [9]. By decomposing a signal into components that
are localized both in time and frequency, the wavelet transform allows for the simultaneous analysis of
transient and long-term structures. Mathematically, this is achieved through multi-resolution analysis
(MRA), a hierarchical framework that represents a signal at multiple levels of resolution.

4.2 Mathematical Foundations
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In discrete settings, a finite signal x = (x,)N_} € CNcan be transformed via a wavelet matrix Winto a
set of coefficients that capture both approximation and detail information [10]:

w=Wx,
where wdenotes the wavelet coefficients.

The inverse transform reconstructs the signal:

x=W1lw=WTw,
assuming Wis orthogonal (i.e., WTW = I).

Thus, W defines a bounded linear operator acting on £2(Z)or finite-dimensional CV, preserving energy
and ensuring stability in both decomposition and reconstruction.

4.3 Hierarchical and Matrix Representation

The discrete wavelet transform (DWT) is inherently hierarchical. It decomposes a signal into successive
layers of approximations and details, each corresponding to a particular scale or frequency band [11].

This process can be represented compactly in matrix form. The wavelet matrix Wcan be viewed as being
composed of block submatrices corresponding to different scales:

Aq
D,
w = (D2 ),

D,
where:

e A;corresponds to the coarse approximation coefficients at the highest level (low frequency),
o Djare detail coefficients at increasingly fine scales (high frequencies).

Each block Djand A;is associated with a different basis of the signal space, constructed from dilations
and translations of a pair of functions [12]:

e Scaling function ¢ (t), generating approximations,
e Wavelet function 1 (t), generating details.
The basis functions satisfy:
Gjx(t) = 27292t — k), (t) = 2792t — k),
where jcontrols scale and kcontrols translation.

The set {¢;, k, P }forms an orthonormal basis for L?(R), and the discrete transform samples these
functions appropriately for finite signals.

4.4 Key Properties of Wavelet Matrices
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1. Orthonormality and Energy Preservation
The transform matrix Wis typically orthogonal, satisfying:

WIW = LI Wx ll,=Il x Il
This property ensures that no information or energy is lost during transformation and reconstruction [13].

2. Sparsity in Representation
Many natural signals (images, audio, etc.) have sparse wavelet coefficients — most of the energy is
concentrated in a few large coefficients. This property is critical for compression and denoising, since
small coefficients (often noise) can be thresholded with minimal distortion.

3. Localization in Time and Frequency

Wavelets are localized in both domains: each basis function covers a small region of time and a specific
frequency band. Unlike the DFT, which uses sinusoids extending over the entire signal, wavelets capture
local features efficiently.

4. Multi-Resolution Decomposition

The DWT performs simultaneous analysis at different scales. Coarse approximations capture general
trends; finer details reveal edges and transients. This decomposition forms the backbone of
hierarchical signal representation.

4.5 Connection to Matrix Transformations in Sequence Spaces

From the perspective of sequence spaces, the DWT acts as a bounded linear operator W: £2 — £2,
satisfying:

Il Wx ll,< C 1l x Iy,
with C = 1in the orthonormal case. Thus, Wpreserves convergence and ensures continuity [14].

If x(™ — xin £2, then Wx (™) — Wx, implying that the transform is continuous. In practice, this means
that small perturbations (such as noise) in the input sequence produce proportionally small changes in
the coefficients — a vital property for stability and robustness in denoising algorithms.

4.6 Applications

(a) Signal Denoising

Wavelet-based denoising involves three main steps:
1. Compute the wavelet coefficients: w = Wx;
2. Threshold small coefficients to zero (since they mostly represent noise);
3. Reconstruct the signal: x’ = W~ tw’.

This simple thresholding operation, thanks to sparsity and boundedness, significantly improves the
signal-to-noise ratio (SNR) without distorting essential features.
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(b) Edge Detection and Feature Extraction

In image processing, high-frequency (detail) coefficients Djcapture discontinuities — edges and texture.

By isolating or enhancing these components, wavelet transforms enable accurate edge detection,
compression, and texture segmentation.

(¢) Compression

Because of the sparse distribution of coefficients, only a small number of large values need to be stored
or transmitted. This principle underlies modern image compression standards such as JPEG2000, which
uses the discrete wavelet transform to achieve high compression ratios with minimal perceptual loss.

(d) Time—Frequency Localization

Wavelet transforms are inherently localized in both domains. This property allows for detection of short-
lived phenomena such as transient oscillations, spikes, or singularities — tasks where the global Fourier
transform fails.

4.7 Example: Haar Wavelet Transform

One of the simplest and most intuitive wavelet transforms is the Haar transform. For a signal x =
(%1, x4, x3, x4), the Haar transform matrix is [15]:

1 1 1 1

11 1 -1 -1
W=3Gz —vz o o
0 0 2 —2

Applying w = Wxproduces the average and difference components across multiple scales. This
decomposition is extremely fast and forms the foundation for more sophisticated orthogonal wavelets
such as Daubechies and Symlets.

S. Filter Design Using Matrix Operators

Filtering is a fundamental operation in signal processing: its objective is to suppress unwanted
components of a signal (for example, noise, interference, or undesired frequency bands) and to enhance
relevant features (such as certain frequency bands, trends, or patterns). In the context of sequence spaces
and matrix transformations, filtering can be elegantly formulated as a matrix-operator acting on
sequence vectors, which leads to a clear theoretical understanding of stability, boundedness and
convergence, as well as concrete algorithmic implementations.

5.1 Convolution and Matrix Representation
Consider a finite discrete signal x = (x,,)N-!—or more generally an infinite sequence x € £2. [16] Let

h = (ho, hy, ) hyy)

be the impulse response of a finite-impulse-response (FIR) filter of length M + 1. The output yof
applying this filter to xis the convolution [17]
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M
m=0

(With appropriate padding or boundary convention.)
This convolution can be expressed as a matrix-vector multiplication

y = Hx,

where His the Toeplitz matrix built from the filter coefficients. For example, for finite signals (zero-
padded) one may write:

ho 0 0
h h 0o ..
H = 1 0
( h, hy hy ...)
SO that the output vector v = (Yo, Y1, Y2, ... )arises via y=Hx.

This formulation highlights:

e The shift-invariant nature of a linear time-invariant (LTT) filter: each row of His a shifted version
of the impulse-response coefficients.

o« The operator viewpoint in sequence space: H: £ — £%(or the finite-dimensional analogue) is a
linear operator whose matrix representation is built from the filter coefticients in Toeplitz form.

Hence filtering = application of a structured matrix operator to a sequence vector.
5.2 Operator-Theoretic Properties: Boundedness and Stability

From the vantage of sequence space theory (as developed earlier), it is crucial to verify that the filter
operator His bounded and continuous.

e Boundedness means there exists some constant C > Osuch that

IHxll, < Cllxll,VxEe#

If such a Cexists, then His a bounded linear operator, hence continuous.

e For filter matrices built from FIR impulse responses, one sufficient criterion is the absolute-
summability of the kernel: if

M

Z | by 1< o0,

m=0
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then one can derive a bound on the operator norm of H.

When His bounded, the filtering operation preserves convergence: if x(™ — xin £2, then H x™ -
H x. This ensures that small perturbations (for example, due to noise or truncation) in the signal do not
get amplified uncontrollably. In practical terms this is the stability of the filter: a bounded operator does
not blow up small errors [18].

5.3 Filter Types and Their Matrix Forms

In signal processing, standard categories of filters correspond to particular behaviours of the impulse-
response coefficients (hence particular forms of H):

o Low-pass filters: The coefficients h,,are chosen such that low-frequency components of xare
passed (retained) while high-frequency components are attenuated. The Toeplitz matrix Hthereby
suppresses rapid oscillations in the sequence.

o High-pass filters: The filter emphasises rapid changes or high-frequency content—i.e., filter
kernel emphasises difference or derivative-like behaviour. The matrix Hacts as a differencing
operator.

e Band-pass filters: These are combinations, passing only a particular mid-band of frequencies.
Corresponding impulse responses are longer (larger M), and the matrix Hhas a wider Toeplitz
band and more coupling across indices.

e Adaptive filters: Here the filter coefficients h,,(and thus matrix H) are adjusted dynamically
based on signal or error estimates (e.g., LMS algorithm). The operator viewpoint remains valid,
but now Hmay vary in time or iteration.

In the sequence space view, all these filter operators can be studied via their matrix representation H,
allowing one to examine how they affect norms, convergence, and stability.

5.4 Design Considerations in Matrix Form

When designing a filter via its impulse response (hence matrix H), the following theoretical and practical
aspects should be considered:

1. Desired frequency response vs impulse response trade-off: A sharper frequency cut-off
(steeper roll-off) implies a longer impulse response (higher filter order M), which in turn means
larger size of H(wider bandwidth) and potentially increased sensitivity to boundary or numerical
issues. ([turnOsearch19])

2. Causality and stability: For real-time systems one typically demands a causal filter (i.e., h,,, =
Ofor m < 0); in finite-length matrix form one thus uses lower-triangular Toeplitz matrices.
Stability in the infinite-length sense again means the operator Hshould be bounded.

3. Implementation complexity and matrix structure: The Toeplitz form of Henables efficient
convolution via fast algorithms (using FFTs, or leveraging circulant approximations), hence
reducing cost from naive matrix-vector O (NM)to more efficient forms. ([turnOsearch10])
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4. Edge-effects and padding: In finite implementations, convolution (i.e., multiplication by H) may
need zero-padding or other treatment to avoid artefacts. The matrix representation clarifies how
boundary rows differ (less shift) and how one may modify Hor pad xaccordingly [19].

5. Design via matrix inversion or least-squares: In certain applications (equalisation, de-
convolution) one may invert or pseudo-invert a matrix form of convolution. For example, one
may write

t'=Ah

where Ais a Toeplitz matrix built from the known system’s response and one solves for h(filter
coefficients) in a least-squares sense. ([turnOsearch12])

5.5 lustrative Example

Consider a simple smoothing filter (moving average) of order M = 2with impulse response [94]

111

=Gy

Then the Toeplitz convolution matrix H(for a signal of length N = 5, zero-padded) is:

1 0 0 0 O

3

11 0 0 O

3 3

1 1 1
H=(-= - =

(3 3 3 0 0)

0 1 1 1 0

3 3 3
0 0 1 1 1
3 3 3

Multiplying H xsmooths the sequence by averaging each element with its neighbours. One verifies that
Il H ll,< 1(indeed || H llo= 1in this case), so His bounded and stable. Convergence of input sequences
is preserved, and small noise perturbations do not get magnified.

6. Signal Reconstruction and Denoising

Signal processing often involves two closely-linked tasks: (1) reconstruction of the original signal from
its transformed or processed form, and (2) denoising—removing unwanted noise or artefacts while
preserving the meaningful content. From the sequence-space and matrix-operator perspective developed
earlier, both tasks rely critically on matrix transformations being bounded, continuous, invertible (or
nearly so), and stable under perturbation.

6.1 Matrix-Operator View of Reconstruction

Given a signal vector [20]
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x € CN(or x € £ in infinite length),
we apply a transform matrix Tto obtain coefficients

c=Tx.
Reconstruction then seeks

x=T ¢,
provided Tis invertible, or a pseudo-inverse if not exactly invertible. Because Tis a bounded linear
operator (under suitable normalization), the mapping from x — ¢ — Xis stable: small perturbations in xor
cproduce only small perturbations in X. If T'is unitary (or orthogonal in the real case), then

1% —=x =T (c—=Tx) ll,=llc—=Tx I,
and therefore reconstruction errors mirror coefficient errors without amplification.

Example: Inverse DFT

For the finite-length discrete Fourier transform (DFT) matrix Fy, the relationship is

1
X=Fyxx=F'X=xFX

Because Fyis unitary (up to scaling) it preserves norms and is numerically stable. Thus, after any
processing of X(such as filtering or truncation), the inverse transform reliably yields a reconstructed
xwith predictable error behaviour [21].

6.2 Denoising via Transform, Thresholding, and Inverse Transform
A widely-used paradigm for denoising is:
1. Transform the noisy signal: ¢ = T x.

2. Apply a thresholding operator to c, setting or attenuating small coefficients (which typically
correspond to noise) — ¢’ = T'(c).

3. Reconstruct: ¥ =T~ 1¢'.

Because many transforms T'(such as wavelet transforms) produce a sparse representation of the “signal”
part of x, the thresholding step efficiently removes a large portion of the noise while preserving the main
signal content. The boundedness and continuity of Tand T~ *ensure that the denoising process does not
introduce instabilities.

Wavelet Denoising Example
e Compute w = W x, where Wis the wavelet-transform matrix [22].
e Apply thresholding:

,_{Wi if lw;|>7

t7 Y0 otherwise
or a soft-threshold: w; = sign(w;) (I w; | —7),.
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e Reconstruct:

x'=w 1w
Because real-world signals tend to have most of their energy in a few large wavelet coefficients (sparse
representation), thresholding preserves the significant ones while eliminating many small (noise)
components. According to MATLAB’s documentation: “Wavelet denoising uses wavelets to localise
features ... coefficients which are small in value are typically noise and you can ‘shrink’ those coefficients
... without affecting the signal or image quality.”

This transform-threshold-inverse pipeline is an instance of a bounded operator composition and a
projection (or shrinkage) in the coefficient space, so the error propagation can be tightly controlled.

6.3 Compressed Sensing and Reconstruction from Undersampled Data

In modern signal processing, one also encounters cases where the number of measurements is less than
the signal dimension—i.e., y = A xwhere A € C"™*Nwith m < N. Under sparsity assumptions (i.e., xhas
a sparse representation in some transform domain), one can reconstruct x(or approximate it) via solving
optimization problems such as

min || T z ||, subjectto Az = y.
zZ

Here Tis a transform matrix (e.g., wavelet or DCT), and the minimization promotes sparsity in the
coefficient domain. The theory of compressed sensing shows that under certain conditions (on A4, T,
sparsity levels) exact or near-exact recovery is possible. In the sequence-space / operator view, one sees
that Aand Tare linear operators, the recovery is an inverse problem, and stability (recovering despite noise
in measurements) depends on conditioning of operators and sparsity constraints.

6.4 Practical Considerations and Error Metrics

When performing reconstruction and denoising, several practical metrics and considerations come into
play [23]:

e Signal-to-Noise Ratio (SNR):

Yn  Is[n]I?

SNR =101 ,
O80T T s[n] — $[n] 12

where s[n]is the original ‘clean’ signal and §[n]the reconstruction. A good denoising method raises SNR
by reducing the denominator error sum.

e Mean Squared Error (MSE):

MSE = %Z | s[n] — §[n] I2.

Visual or perceptual quality: For image or audio signals, low numerical error does not always guarantee
perceived quality; transforms and thresholding must balance noise removal and feature preservation [24].
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e Boundary effects and transform size: In finite-length signals or images, the matrix Tand its
inverse may have boundary behaviours; appropriate padding or extension methods (periodic,
symmetric) are important to avoid artefacts.

o Computation cost: Fast algorithms for transforms (FFT for DFT, FWT for wavelets) reduce
computational cost of the matrix operations significantly. Yet the theoretical framework still treats
them as linear operators for analysis.

6.5 Example Workflow: Wavelet Noise Removal
1. Acquire a noisy signal x = s + 7, where sis desired signal and nis additive noise.

2. Compute wavelet coefficients w = W x.

3. Choose threshold 7(could be universal threshold o./2log Nif noise variance o2known).
4. Compute thresholded coefficients w'.
5. Reconstruct ¥ = W~1w’,

6. Compute improvement in SNR or reduction in MSE to evaluate performance.
Reported improvements of 20 dB or more are common depending on noise level and sparsity of
the signal in wavelet domain. Example literature reports show significant noise reduction with
minimal feature distortion [25].

Matrix transformations provide a rigorous and powerful framework for signal reconstruction and
denoising in sequence spaces. By modelling transforms as bounded linear operators and viewing
thresholding/projection operations in the coefficient domains, one ensures stability, convergence
preservation, and controlled error propagation. Whether via inverse DFT, wavelet thresholding, or
compressed-sensing reconstruction, the key mathematical principles include:

o Boundedness of the transform and its inverse — stability under perturbation.

o Continuity — convergence of approximate/perturbed signals leads to convergence of
reconstructed signals.

o Sparsity and representation — in the coefficient domain, useful signals concentrate energy in
few coefficients allowing effective coefficient-shrinkage.

e Operator inversion or pseudo-inversion — reliable reconstruction of signals from transformed
or undersampled data [26].

7. Conclusion

Matrix transformations on sequence spaces provide the essential theoretical structure underpinning
modern digital signal processing. By interpreting discrete-time operations such as the DFT, DWT, and
convolution filtering as bounded linear operators on 2, one ensures stability, continuity, and controlled
convergence in signal analysis and reconstruction. This unified framework bridges abstract functional
analysis with real-world algorithms, demonstrating that the mathematical properties of boundedness and
norm preservation directly correspond to robustness and fidelity in signal manipulation. Consequently,
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the study reinforces the deep interdependence between operator theory and signal processing practice—
where rigorous mathematics guarantees the reliability and precision of applied computational methods.
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